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RELATIONSHIPS BETWEEN K-MONOTONICITY AND
ROTUNDITY PROPERTIES WITH APPLICATION
MACIEJ CIESIELSKI
Abstract. In this paper we investigate a relationship between fully k-rotundity
properties, uniform K-monotonicity properties, reflexivity and K-order con-
tinuity in a symmetric spaces E. We also answer a crucial question whether
fully k-rotundity properties might be restricted in definition to Ed the positive
cone of all nonnegative and decreasing elements of E. We present a complete
characterization of decreasing uniform K-monotonicity and K-order continu-
ity in E. It is worth mentioning that we also establish several auxiliary results
describing reflexivity in Lorentz spaces Γp,w and K-order continuity in Orlicz
spaces Lψ . Finally, we show an application of discussed geometric properties
to the approximation theory.
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1. Introduction
In 1955, K. Fan and I. Glicksberg [15] introduced and characterized fully k-
rotundity properties in Banach spaces. Recently, in the papers [13, 18], there have
been shown, among others, a complete correspondence between fully k-rotundity
properties, rotundity and reflexivity with an application to the approximation the-
ory in Banach spaces. The next interesting results were published in [3], where
authors have investigated, inter alia, rotundity properties on Ed the positive cone
of all nonnegative and decreasing elements of a K-monotone symmetric space E.
The further motivation of our investigation can be found in [5, 6, 7, 11], where au-
thors have presented a correspondence and complete criteria for K-order continuity,
strict K-monotonicity and uniform K-monotonicity properties with application to
the best dominated approximation problems in the sense of the Hardy-Littlewood-
Po´lya relation. The main idea of this paper is to find a relationship between re-
flexivity, fully k-rotundity properties and uniform K-monotonicity properties with
application to the approximation theory. In view of the previous research, we also
focus on full criteria for K-order continuity and fully k-rotundity properties in
symmetric spaces.
The article is organized as follows. Section 2 contains all the necessary definitions
and notation, which are used in our discussion. In Section 3, we show a relationship
between K-order continuity and a nonexistence of the embedding E →֒ L1[0,∞),
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for a symmetric space E on [0,∞). In view of this result, we present complete
criteria for K-order continuity in the Orlicz space Lψ. We also establish a key cor-
respondence between decreasing uniform K-monotonicity, K-order continuity and
upper local uniform K-monotonicity in symmetric spaces. Section 4 is devoted to
(compact) local fully k-rotundity properties. Namely, using the local approach we
characterize an essential connection between local fully k-rotundity on E+ the pos-
itive cone of all nonnegative elements of a symmetric space E and Ed the positive
cone of all nonnegative and decreasing elements of E. Next, we discuss an interest-
ing relationship between local fully k-rotundity, local uniform rotundity and order
continuity. We also research under which condition compact local fully k-rotundity
concludes upper local uniform K-monotonicity and order continuity. In section 5,
we answer the crucial question whether compact fully k-rotundity on Ed the posi-
tive cone of all nonnegative and decreasing elements of a symmetric space E implies
order continuity and reflexivity of E. It is worth mentioning that the above result
improves Proposition 1 in [13], a similar problem that was proved under stronger
assumption in a Banach space. We also investigate under which criteria decreasing
(resp. increasing) uniform K-monotonicity follows directly from compact fully k-
rotundity on Ed. In view of the research published in [3], we focus on the interesting
question under which condition compact fully k-rotundity might only be considered
on the positive cone Ed. Finally, in the spirit of the characterization given in sec-
tion 4, we show that compact fully k-rotundity on Ed yields K-order continuity
in a symmetric space E. Section 6 is dedicated to an application of a geometric
structure in symmetric spaces to the approximation theory. First, we establish a
complete characterization of approximative compactness in symmetric spaces given
in terms of reflexivity, strict K-monotonicity, upper local uniform K-monotonicity
and the Kadec-Klee property for global convergence in measure, respectively. Next,
we present an equivalent condition for reflexivity of Lorentz spaces Γp,w expressed
in terms of a weight function w for 1 < p <∞. We also discuss auxiliary examples
of Lorentz spaces Γp,w that are reflexive and approximatively compact. It is worth
noticing that, the final discussion is devoted to the best dominated approximation
problem with respect to the Hardy-Littlewood-Po´lya relation in the Orlicz spaces
Lψ and follows from a general description of K-order continuity (see [7]).
2. Preliminaries
Let R, R+ and N be the sets of reals, nonnegative reals and positive integers,
respectively. A mapping φ : R+ → R+ is said to be quasiconcave if φ(t) is increasing
and φ(t)/t is decreasing on R+ and also φ(t) = 0 ⇔ t = 0. We denote by µ the
Lebesgue measure on I = [0, α), where α = 1 or α = ∞, and by L0 the set of
all (equivalence classes of) extended real valued Lebesgue measurable functions on
I. We denote by SX (resp. BX) the unit sphere (resp. the closed unit ball) in a
Banach space (X, ‖·‖X). A Banach lattice (E, ‖·‖E) is said to be a Banach function
space (or a Ko¨the space) if it is a sublattice of L0 and holds the following conditions
(1) If x ∈ L0, y ∈ E and |x| ≤ |y| a.e., then x ∈ E and ‖x‖E ≤ ‖y‖E.
(2) There exists a strictly positive x ∈ E.
For simplicity let us use the short symbol E+ = {x ∈ E : x ≥ 0}. An element x ∈ E
is called a point of order continuity, shortly x ∈ Ea, if for any sequence (xn) ⊂ E+
such that xn ≤ |x| and xn → 0 a.e. we have ‖xn‖E → 0. A Banach function space
E is said to be order continuous, shortly E ∈ (OC), if any element x ∈ E is a point
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of order continuity. A space E is said to be reflexive if E and its associate space E′
are order continuous. Given a Banach function space E is said to have the Fatou
property if for all (xn) ⊂ E+, supn∈N ‖xn‖E <∞ and xn ↑ x ∈ L
0, then x ∈ E and
‖xn‖E ↑ ‖x‖E . A space E has the semi-Fatou property (E ∈ (s − FP )) if for any
(xn) ⊂ E
+ such that xn ↑ x ∈ E
+, we have ‖xn‖E ↑ ‖x‖ (see [23, 1]). In the whole
paper, we assume that E has the Fatou property, unless we say otherwise.
A Banach space X is called rotund or strictly convex if for any x, y ∈ SX such
that ‖x+ y‖X = 2, we have x = y. A point x ∈ X is said to be a point of local
uniform rotundity, shortly a LUR point, if for any sequence (xn) ⊂ X such that
‖xn + x‖X → 2 ‖x‖X and ‖xn‖X → ‖x‖X we have ‖xn − x‖X → 0. A Banach
space X is said to be locally uniformly rotund, shortly X is LUR, if every element
x ∈ X is a LUR point in X . Let k ∈ N, k ≥ 2. We say that a Banach space
X is fully k-rotund, shortly X is FkR, if each sequence (xn) ⊂ SX such that∥∥∥∑ki=1 xn,i∥∥∥
X
→ k for any its k-subsequences (xn,1), (xn,2), · · · , (xn,k), is a Cauchy
sequence. A Banach space X is said to be compactly fully k-rotund, shortly X
is CFkR, if each sequence (xn) ⊂ SX such that
∥∥∥∑ki=1 xn,i∥∥∥
X
→ k for any its
k-subsequences (xn,1), (xn,2), · · · , (xn,k), forms a relatively compact set. In case
when k = 2 and a Banach space X is F2R (resp. CF2R), then we say that X
is fully rotund or FR (resp. compactly fully rotund or CFR). A point x ∈ SX is
said to be a point of local fully k-rotundity, shortly x is a point of LFkR, (resp. a
point of compact local fully k-rotundity, shortly x is a point of CLFkR) if for each
sequence (xn) ⊂ SX such that
∥∥∥x+∑ki=1 xn,i∥∥∥
X
→ k + 1 (see [23, 1]) for any its
k-subsequences (xn,1),(xn,2),· · · , (xn,k), we have xn converges to x in X (resp. (xn)
forms a relatively compact set). A Banach space X is called locally fully k-rotund,
shortly X is LFkR, (resp. compactly locally fully k-rotund, shortly X is CLFkR) if
every point x ∈ SX is a point of LFkR (resp. a point of CLFkR) (see [15, 13, 18]).
A point x ∈ E is called an Hg point (resp. Hl point) in E if for any (xn) ⊂ E
such that xn → x globally (resp. locally) in measure and ‖xn‖E → ‖x‖E , we have
‖xn − x‖E → 0. We say that the space E has the Kadec-Klee property globally
(resp. locally) in measure if each x ∈ E is an Hgpoint (resp. Hl point) in E. A
Banach space E has the Kadec-Klee property if for any (xn) ⊂ E and for any f in
the dual space E∗ of E, we have
f(xn)→ f(x) and ‖xn‖E → ‖x‖E ⇒ ‖xn − x‖E .
The distribution function for any function x ∈ L0 is defined by
dx(λ) = µ {s ∈ [0, α) : |x (s)| > λ} , λ ≥ 0.
For any function x ∈ L0 its decreasing rearrangement is given by
x∗ (t) = inf {λ > 0 : dx (λ) ≤ t} , t ≥ 0.
In this article we use the notation x∗(∞) = limt→∞ x
∗(t) if α =∞ and x∗(∞) = 0
if α = 1. For any function x ∈ L0 we denote the maximal function of x∗ by
x∗∗(t) =
1
t
∫ t
0
x∗(s)ds.
It is well known that for any point x ∈ L0, x∗ ≤ x∗∗, x∗∗ is decreasing, continuous
and subadditive. For more details of dx, x
∗ and x∗∗ see [1, 22].
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We say that two functions x, y ∈ L0 are equimeasurable, shortly x ∼ y, if dx = dy.
A Banach function space (E, ‖ · ‖E) is called symmetric or rearrangement invariant
(r.i. for short) if whenever x ∈ L0 and y ∈ E such that x ∼ y, then x ∈ E and
‖x‖E = ‖y‖E. The fundamental function φE of a symmetric space E we define
as follows φE(t) = ‖χ(0,t)‖E for any t ∈ [0, α) (see [1]). For any two functions
x, y ∈ L1 + L∞ the Hardy-Littlewood-Po´lya relation ≺ is defined by
x ≺ y ⇔ x∗∗(t) ≤ y∗∗(t) for all t > 0.
In this paper we denote the cone of all decreasing rearrangements of elements in
symmetric space E by Ed = {x∗ : x ∈ E}.
Now let us introduce shortly K-monotonicity properties. Given a symmetric
space E is called K-monotone, shortly E ∈ (KM), if for any x ∈ L1 + L∞ and
y ∈ E with x ≺ y, then x ∈ E and ‖x‖E ≤ ‖y‖E. Recall that a symmetric space E
is K-monotone if and only if E is exact interpolation space between L1 and L∞.
Let us also mention the well known fact that a symmetric space E equipped with
an order continuous norm or with the Fatou property is K-monotone (for more
details see [22]). A point x ∈ E is called a point of upper K-monotonicity (resp.
point of lower K-monotonicity) for short a UKM point (resp. an LKM point)
of E whenever for each y ∈ E, x∗ 6= y∗ with x ≺ y (resp. with y ≺ x), we have
‖x‖E < ‖y‖E (resp. ‖y‖E < ‖x‖E). Let us also remind that a rearrangement
invariant space E is said to be strictly K-monotone, shortly E ∈ (SKM), if any
element of E is a UKM point or equivalently if any element of E is an LKM point.
Given x ∈ E is said to be a point of K-order continuity of E if for any sequence
(xn) ⊂ E with xn ≺ x and x
∗
n → 0 a.e. we have ‖xn‖E → 0. In fact, a symmetric
space E is called K-order continuous, shortly E ∈ (KOC), if any element x of E
is a point of K-order continuity.
An element x ∈ E we call a point of upper local uniform K-monotonicity of
E, shortly a ULUKM point, if for any (xn) ⊂ E with x ≺ xn for any n ∈ N and
‖xn‖E → ‖x‖E , we have ‖x
∗ − x∗n‖E → 0. Given x ∈ E is said to be a point of lower
local uniform K-monotonicity of E, shortly an LLUKM point, if for any (xn) ⊂ E
with xn ≺ x for all n ∈ N and ‖xn‖E → ‖x‖E , then ‖x
∗ − x∗n‖E → 0. A symmetric
space E is called upper locally uniformly K-monotone, shortly E ∈ (ULUKM),
(resp. lower locally uniformly K-monotone, shortly (E ∈ (LLUKM)) whenever
any element x ∈ E is a ULUKM point (resp. an LLUKM point). We refer the
reader for more information to see [4, 7, 10, 11, 17].
Now we recall some notions which have been introduced in [11], and are in some
sense a generalization of uniform monotonicity properties in symmetric spaces. It
is worth mentioning that the generalization is obtained by replacing a relation ≤
by a weaker relation ≺, in definition of uniform monotonicity properties. Let us
also notice that the generalization characterizes a completely different geometric
structure of symmetric spaces than monotonicity properties. A symmetric space E
is said to be uniformly K-monotone, shortly E ∈ (UKM), if for any (xn), (yn) ⊂ E
such that xn ≺ yn for all n ∈ N and limn→∞ ‖xn‖E = limn→∞ ‖yn‖E < ∞ we
have ‖x∗n − y
∗
n‖E → 0. A symmetric space E is called decreasing (resp. increasing)
uniformly K-monotone, shortly E ∈ (DUKM) (resp. shortly E ∈ (IUKM)), if for
any (xn), (yn) ⊂ E such that xn+1 ≺ xn ≺ yn for all n ∈ N and limn→∞ ‖xn‖E =
limn→∞ ‖yn‖E <∞ (resp. xn ≺ yn ≺ yn+1 for every n ∈ N and limn→∞ ‖xn‖E =
limn→∞ ‖yn‖E <∞), we have ‖x
∗
n − y
∗
n‖E → 0.
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Let us assume that (P ) is any global property given in a symmetric space E.
In case when the similar property holds, but considering only nonnegative and
decreasing elements of E in the definition, then we say that Ed the positive cone
of all nonnegative and decreasing elements of E has a property (P ) or equivalently
Ed ∈ (P ). Analogously, we define a global property that is only satisfied on E+
the positive cone of all nonnegative elements of a Banach function space E, i.e.
we say E+ has (P ) or E+ ∈ (P ). It is necessary to mention that a symmetric
space E is (LFkR)∗ (resp. E is (CLFkR)∗) if for each x ∈ SE , x∗ is a point of
local fully k-rotundity (resp. a point of compact local fully k-rotundity). Similarly,
we say that a Banach function space E is (LFkR)+ (resp. (CLFkR)+) if for any
x ∈ SE , |x| is a point of local fully k-rotundity (resp. a point of compact local fully
k-rotundity) in E.
Recall that the mapping ψ : R → [0,∞] is said to be an Orlicz function
if ψ is nonzero function that is even, convex, continuous and vanishes at zero,
lim|t|→∞ ψ(t) =∞. The function ψ : R→ [0,∞] is called an N -function (resp. N -
function at zero) if ψ is even, convex, continuous (resp. even, convex, continuous)
and
lim
t→0
ψ(t)
t
= 0 and lim
t→∞
ψ(t)
t
=∞
(
resp. lim
t→0
ψ(t)
t
= 0
)
.
We use the parameter
aψ = sup{t > 0 : ψ(t) = 0}.
We say that an Orlicz function ψ satisfies ∆2 condition for all u ∈ R+, shortly
ψ ∈ ∆2, if there exists K > 0 such that for all u ∈ R we have ψ(2u) ≤ Kψ(u).
Let us notice that if ψ ∈ ∆2, then aψ = 0. For any Orlicz function ψ we define its
complementary function ψ
Y
on R in the sense of Young and a convex modular ρψ
on L0 by
ψ
Y
(u) = sup
v>0
{|u| v − ψ(v)} and ρψ(x) =
∫
I
ψ(x(t))dt
for any u ∈ R and for any x ∈ L0, respectively. The Orlicz space Lψ generated by
an Orlicz function ψ is given by
Lψ =
{
x ∈ L0 : ρψ(λx) <∞, for some λ > 0
}
.
It is well known that the Orlicz space Lψ might be considered as a Banach space
equipped with the Luxemburg norm
‖x‖ψ = inf
{
λ > 0 : ρψ
(x
λ
)
≤ 1
}
or with the equivalent Orlicz norm
‖x‖oψ = sup
{∣∣∣∣
∫
I
y(t)x(t)dt
∣∣∣∣ : ρψY (y) ≤ 1
}
.
Recall that the Orlicz space Lψ is order continuous if and only if an Orlicz function
ψ satisfies ∆2 condition. It is worth mentioning that the Orlicz spaces L
ψ are r.i.
Banach function spaces under both the Luxemburg and Orlicz norms (for more
details the reader is referred to [1, 13, 21, 22]).
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For given 0 < p <∞ and a weight function w ≥ 0, we define the Lorentz space
Λp,w, which is a subspace of L
0 such that
‖x‖Λp,w =
(∫ α
0
(x∗(t))pw(t)dt
)1/p
<∞,
where W (t) =
∫ t
0
w < ∞ for any t ∈ I and W (∞) = ∞ in the case when α = ∞.
It is well known that the spaces Λp,w were introduced by Lorentz in [24] and the
space Λp,w is a norm space (resp. quasi-norm space) if and only if w is decreasing,
see [20] (resp. W holds ∆2 condition, see [27, 20]). It is worth reminding that for
any 0 < p <∞ if W fulfills ∆2 condition and W (∞) =∞, then the Lorentz space
Λp,w is an order continuous r.i. quasi-Banach function space (see [20]).
For 0 < p < ∞ and w ∈ L0 a nonnegative weight function we consider the
Lorentz space Γp,w, that is a subspace of L
0 such that
‖x‖Γp,w = ‖x
∗∗‖Λp,w =
(∫ α
0
x∗∗p(t)w(t)dt
)1/p
<∞.
Unless we say otherwise, we suppose that w belongs to the class Dp, i.e.
W (s) :=
∫ s
0
w(t)dt <∞ and Wp(s) := s
p
∫ α
s
t−pw(t)dt <∞
for all 0 < s ≤ 1 if α = 1 and for all 0 < s < ∞ otherwise. It is easy to observe
that if w ∈ Dp, then the Lorentz space Γp,w is nontrivial. Moreover, it is easy
to see that Γp,w ⊂ Λp,w. On the other hand, the following inclusion Λp,w ⊂ Γp,w
holds if and only if w ∈ Bp (see [19]). Let us also recall that
(
Γp,w, ‖ · ‖Γp,w
)
is a
r.i. quasi-Banach function space with the Fatou property and were introduced by
Caldero´n in [2]. It is well known that in the case when α = ∞ the Lorentz space
Γp,w has order continuous norm if and only if
∫∞
0
w (t) dt =∞ (see [19]). It is also
commonly known that by the Lions-Peetre K-method (see [22]), the space Γp,w is
an interpolation space between L1 and L∞. For more details about the properties
of the spaces Λp,w and Γp,w the reader is referred to [8, 9, 19, 20].
Let A be a subset of a Banach space X and let x ∈ X . We denote
PA(x) =
{
a ∈ A : ‖x− a‖E = infb∈A
‖x− b‖E
}
.
The best approximation problem is said to be unique (resp. proximinal or solvable)
if Card(PA(x)) ≤ 1 (resp. if PA(x) 6= ∅). We say that the best approximation
problem is uniquely solvable if Card(PA(x)) = 1. Given sequence (xn) ⊂ A− x is
said to be a minimizing sequence of A− x if
lim
n→∞
‖xn‖E = infa∈A
‖x− a‖E = dist(x,A).
A convex subset C of a Banach space X is called approximatively compact if for
any x ∈ X and for any sequence (xn) ⊂ C such that ‖xn − x‖X → d(x,C) =
infy∈C ‖y − x‖X we have (xn) has a Cauchy subsequence. A Banach space X
is said to be approximatively compact if any closed and convex subset in X is
approximatively compact (see [18]).
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3. K-order continuity in symmetric spaces
In this section we show a relation betweenK-order continuity and the embedding
of a symmetric spaceE in L1[0,∞). We start our research with the auxiliary lemma.
Lemma 3.1. Let E be a symmetric space on I = [0,∞). If x ∈ E is a point of
order continuity in E and there exists y ∈ E\L1[0,∞), then x is a point of K-order
continuity.
Proof. Let us assume that φ is the fundamental function of E. Since y ∈ E, by
symmetry of E and by Proposition 5.9 [1] we have for any t > 0,∫ t
0 y
∗
‖y‖E
≤
t
φ(t)
.
In consequence, since
∫∞
0
y∗ =∞, by Corollary 5.3 [1] it follows that
sup
t>0
t
φ(t)
= lim
t→∞
t
φ(t)
=∞.
Finally, by Proposition 3.1 [11] we conclude x is a point of K-order continuity. 
Remark 3.2. Assuming that φ is the fundamental function of a symmetric space
E with the Fatou property, it is easy to see that φ(∞) = limt→∞ φ(t) = ∞ if and
only if x∗(∞) = 0 for all x ∈ E.
Theorem 3.3. Let E be a symmetric space with the fundamental function φ on
I = [0,∞). Then the following conditions are equivalent.
(i) E is order continuous and is not embedded in L1[0,∞).
(ii) E is order continuous and E′ →֒ {f : f∗(∞) = 0}.
(iii) E is K-order continuous and φ(∞) =∞.
Proof. Assume that ψ is the fundamental function of the associate space E′ of a
symmetric space E. (i)⇒ (iii). Immediately, by Lemma 2.5 in [8] and Lemma 3.1
and Remark 3.2 we get E is K-order continuous and φ(∞) =∞.
(iii)⇒ (ii). By Lemma 3 in [6] and by Theorem 5.2 in [1] we have
lim
t→∞
ψ(t) = lim
t→∞
t
φ(t)
=∞.
Hence, by Corollary 2 in [6] and by Remark 3.2 it follows that E is order continuous
and E′ →֒ {f : f∗(∞) = 0}.
(ii) ⇒ (i). By Proposition 4.2 in [14] under the assumption that E′ →֒ {f :
f∗(∞) = 0} and by Corollary 1 in [6] we have E is K-order continuous. Next, by
Lemma 3 in [6] we conclude that E is not embedded in L1[0,∞). 
Now we present the complete characterization of decreasing uniformK-monotonicity
in a symmetric space E, under the assumption that φ(∞) =∞, where φ is the fun-
damental function of E.
Theorem 3.4. Let E be a symmetric space with the fundamental function φ such
that φ(∞) =∞ in case when I = [0,∞). The following conditions are equivalent.
(i) E is decreasing uniformly K-monotone.
(ii) E is K-order continuous and upper locally uniformly K-monotone.
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Proof. (ii) ⇒ (i). Immediately, in view of assumption that φ(∞) = ∞ in case
when I = [0,∞), by Theorem 4.13 in [11] and by Remark 3.2 we get the wanted
implication.
(i)⇒ (ii). First, by Remark 4.1 in [11] it follows that E is upper locally uniformly
K-monotone. Next, by Corollary 2 in [6], in case when I = [0, 1), and by Theorem
3.3, in case when I = [0,∞), in view of Proposition 4.11 in [11] it is enough to
prove in case when I = [0,∞) that E is not embedded in L1[0,∞). Assume for a
contrary that E
C
→֒ L1[0,∞). Then, making analogous observation as in the proof
of Lemma 3 in [6] we have
lim
t→∞
φ(t)
t
= d > 0.
Define for any n ∈ N,
xn =
1
2n
χ[0,2n) and yn =
1
n
χ[0,n).
Clearly, xn+1 ≺ xn ≺ yn for all n ∈ N and
lim
n→∞
‖xn‖E = limn→∞
‖yn‖E = d.
Hence, by assumption that E is decreasing uniformly K-monotone we obtain
‖y∗n − x
∗
n‖E → 0.
On the other hand, by symmetry of E we observe that
‖y∗n − x
∗
n‖E =
∥∥∥∥ 12nχ[0,2n)
∥∥∥∥
E
=
φ(2n)
2n
→ d,
which implies a contradiction and ends the proof. 
We discuss a complete criteria for K-order continuity in the Orlicz space Lψ.
Theorem 3.5. Let ψ be an Orlicz function and ΦLψ be the fundamental function
of the Orlicz space Lψ. Then, the following assertions are satisfied.
(i) In case when I = [0,∞), aψ = 0 if and only if ΦLψ(∞) =∞.
(ii) The Orlicz space Lψ is K-order continuous and if I = [0,∞), ΦLψ(∞) =∞
if and only if ψ satisfies ∆2 condition and if I = [0,∞), then ψ is the N -
function at zero.
Proof. (i). Notice that, by Remark 3.2, it is enough to prove that in case when
I = [0,∞), aψ = 0 if and only if x∗(∞) = 0 for any x ∈ Lψ. First, assume that
there is x ∈ Lψ with x∗(∞) > 0. Then, there exists λ > 0 such that∫ ∞
0
ψ(x∗(∞)λ) ≤
∫ ∞
0
ψ(x∗λ) = Iψ(x
∗λ) <∞.
In consequence, since x∗(∞)λ > 0, we have ψ(x∗(∞)λ) = 0, which concludes
aψ > 0. Conversely, suppose that aψ > 0. Then, letting a ∈ (0, aψ) and x = aχ(0,∞)
we get x∗(∞) > 0 and x ∈ Lψ, which completes the proof.
(ii). Immediately, by Corollary 2 in [6] and Theorem 10.3 in [21] we may restrict
ourselves to the case when I = [0,∞). First, by Theorem 8.1 in [21] we get the
Orlicz space Lψ is not embedded in L1 if and only if
sup
t>0
{
t
ψ(t)
}
=∞.
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Next, by monotonicity of the mapping ψ(t)/t we obtain the equivalent condition
lim
t→0+
{
ψ(t)
t
}
= inf
t>0
{
ψ(t)
t
}
= 0,
which means that ψ is the N -function at zero. Finally, according to Theorem 10.3
in [21] and Theorem 3.3 we complete the proof. 
4. Local fully k-rotundity
In this section we discuss local fully k-rotundity in symmetric spaces. We start
our investigation with the well known Theorem 1 in [15].
Theorem 4.1. Let X be a Banach space. The following condition are equivalent.
(i) X is fully k-rotund (resp. compactly fully k-rotund).
(ii) If a sequence (xn) ⊂ X and ‖xn‖X → 1,
∥∥∥∑ki=1 xn,i∥∥∥
X
→ k for any
its subsequences (xn,1), (xn,2), · · · , (xn,k), then (xn) is a Cauchy sequence
(resp. (xn) forms a relatively compact set).
Analogously, we may find an equivalent condition for compact local fully k-
rotundity in a Banach space X .
Theorem 4.2. Let X be a Banach space. The following condition are equivalent.
(i) X is locally fully k-rotund (resp. compactly locally fully k-rotund).
(ii) If for any sequence (xn) ⊂ X and x ∈ SX , ‖xn‖X → 1,
∥∥∥x+∑ki=1 xn,i∥∥∥
X
→
k + 1 for any its subsequences (xn,1), (xn,2), · · · , (xn,k), then (xn) is con-
vergent to x (resp. (xn) forms a relatively compact set).
Proposition 4.3. Let E be a Banach function space with the semi-Fatou property
and let k ∈ N, k ≥ 2. If x ∈ E+ is a point of compact local fully k-rotundity, then
x is a point of order continuity.
Proof. For a contrary we may assume that there exists (xn) ⊂ E+ such that x ≥
xn ≥ xn+1 for all n ∈ N, xn → 0 a.e. and ‖xn‖E → d > 0. Without loss of
generality we may suppose that x ≥ 2xn for all n ∈ N. Define yn = x− xn for
every n ∈ N. Clearly, yn ↑ x a.e. Then, by the semi-Fatou property it follows that
‖yn‖E ↑ ‖x‖E . We may assume that ‖x‖E = 1, because otherwise we replace x by
x/ ‖x‖E and yn by yn/ ‖x‖E for all n ∈ N. Then, since x ≥ 2xn for any n ∈ N, by
monotonicity of the norm in E for any k-subsequences (yn,1), · · · , (yn,k) of (yn) we
have
k + 1 ≥
∥∥∥∥∥x+
k∑
i=1
yn,i
∥∥∥∥∥
E
=
∥∥∥∥∥(k + 1)x−
k∑
i=1
xn,i
∥∥∥∥∥
E
≥
∥∥∥∥(k + 1)x− k max1≤i≤k{xn,i}
∥∥∥∥
E
=
∥∥∥∥(k + 2)
(
x− max
1≤i≤k
{xn,i}
)
− x+ 2 max
1≤i≤k
{xn,i}
∥∥∥∥
E
≥ (k + 2)
∥∥∥∥x− max1≤i≤k{xn,i}
∥∥∥∥
E
−
∥∥∥∥x− 2 max1≤i≤k{xn,i}
∥∥∥∥
E
.
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Moreover, since ‖x‖E = 1, by the semi-Fatou property it is easy to notice that∥∥∥∥x− max1≤i≤k{xn,i}
∥∥∥∥
E
→ 1 and
∥∥∥∥x− 2 max1≤i≤k{xn,i}
∥∥∥∥
E
→ 1,
whence
(1)
∥∥∥∥∥x+
k∑
i=1
yn,i
∥∥∥∥∥
E
→ k + 1.
Therefore, by assumption that x is a point of compact local fully k-rotundity there
exist a subsequence (ynk) of (yn) and z ∈ E
+ such that ynk converges to z in norm
of E. So, passing to subsequence and relabelling we may easily observe that yn → z
a.e., whence x = z a.e. In consequence, we have
‖xn‖E = ‖x− yn‖E → 0,
which contradicts with assumption that ‖xn‖E ≥ d > 0 for any n ∈ N and completes
the proof. 
Immediately, since the semi-Fatou property follows directly from the Fatou prop-
erty, using the proof of the previous proposition and by the fact that a point of local
fully k-rotundity is a point of compact local fully k-rotundity in Banach spaces we
conclude the following result.
Proposition 4.4. Let E be a Banach function space. If x ∈ E+ is a point of local
fully k-rotundity, then x is a point of order continuity. Additionally, if E+ is locally
fully k-rotund, then E is order continuous.
Now, we discuss a relationship between LFkR and (LFkR)∗ in a symmetric
space E. First, we investigate an equivalent condition for a point of local fully
k-rotundity in a symmetric space E.
Theorem 4.5. Let E be a symmetric space and x ∈ SE. The following conditions
are equivalent.
(i) x is point of local fully k-rotundity.
(ii) |x| is point of local fully k-rotundity.
(iii) x∗ is point of local fully k-rotundity.
Proof. (i) ⇒ (ii). Let (xn) ⊂ SE be such that for any k-subsequences (xn,1),
(xn,2),· · · ,(xn,k) of (xn) we have∥∥∥∥∥|x| +
k∑
i=1
xn,i
∥∥∥∥∥
E
→ k + 1.
Then, since |x| = xχ{x≥0} − xχ{x<0}, by symmetry of E we easily observe that∥∥xn(χ{x≥0} − χ{x<0})∥∥E = ‖xn‖E for any n ∈ N and∥∥∥∥∥x+
k∑
i=1
xn,i(χ{x≥0} − χ{x<0})
∥∥∥∥∥
E
=
∥∥∥∥∥|x| +
k∑
i=1
xn,i
∥∥∥∥∥
E
→ k + 1.
Therefore, by condition (i) it follows that
‖|x| − xn‖E =
∥∥x− xn(χ{x≥0} − χ{x<0})∥∥E → 0.
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(ii) ⇒ (iii). Assume analogously (xn) ⊂ SE and for any k-subsequences (xn,1),
(xn,2),· · · ,(xn,k) of (xn) we get∥∥∥∥∥x∗ +
k∑
i=1
xn,i
∥∥∥∥∥
E
→ k + 1.
Next, by condition (ii) and by Proposition 4.4 we obtain x is a point of order con-
tinuity. Thus, by Lemma 2.5 in [8] we have x∗(∞) = 0. In consequence, by Ryff’s
theorem in [1] there exists a measure preserving transformation σ : supp(x) →
supp(x∗) such that x∗ ◦ σ = |x| a.e. In case when µ(supp(x)) < ∞, without loss
of generality we may assume that σ : I → I (for more details see [26]). Then, by
symmetry of E we have ‖xn ◦ σ‖E = ‖xn‖E for all n ∈ N and∥∥∥∥∥|x| +
k∑
i=1
xn,i ◦ σ
∥∥∥∥∥
E
=
∥∥∥∥∥x∗ +
k∑
i=1
xn,i
∥∥∥∥∥
E
→ k + 1.
Hence, by (ii) it follows that
‖x∗ − xn‖E = ‖|x| − xn ◦ σ‖E → 0.
(iii)⇒ (i). Since x∗ ∈ SE is a point of local fully k-rotundity, by Proposition 4.4
and in view of Lemma 2.6 in [8] we conclude that x is a point of order continuity.
Let (xn) ⊂ SE be such that for any k-subsequences (xn,1), (xn,2),· · · ,(xn,k) of (xn)
we have
(2)
∥∥∥∥∥x+
k∑
i=1
xn,i
∥∥∥∥∥
E
→ k + 1.
Then, by subadditivity of the maximal function it is easy to see that
x+
k∑
i=1
xn,i ≺ x
∗ +
k∑
i=1
x∗n,i,
whence, by symmetry and by the triangle inequality of the norm in E we obtain∥∥∥∥∥x∗ +
k∑
i=1
x∗n,i
∥∥∥∥∥
E
→ k + 1.
Thus, by assumption (iii) we have
(3) ‖x∗n − x
∗‖E → 0.
Moreover, by the triangle inequality of the norm in E it is easy to notice that
1
2
∥∥∥∥∥x+
k∑
i=1
xn,i
∥∥∥∥∥
E
−
1
2
k−1∑
i=1
‖xn,i‖E ≤
1
2
‖x+ xn,k‖E ≤ 1.
Hence, since (xn) ⊂ SE , replacing a subsequence (xn,k) by a sequence (xn) and
denoting yn = (x+ xn)/2 for all n ∈ N, by (2) we get
1 ≥ ‖yn‖E =
1
2
‖x+ xn‖E → 1.
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Then, for any k-subsequences (yn,1), (yn,2),· · · ,(yn,k) of (yn) we obtain
k + 1 ≥
∥∥∥∥∥x+
k∑
i=1
yn,i
∥∥∥∥∥
E
=
1
2
∥∥∥∥∥(k + 2)x+
k∑
i=1
xn,i
∥∥∥∥∥
E
≥
1
2
∥∥∥∥∥(k + 2)
(
x+
k∑
i=1
xn,i
)
− (k + 1)
k∑
i=1
xn,i
∥∥∥∥∥
E
≥
k + 2
2
∥∥∥∥∥x+
k∑
i=1
xn,i
∥∥∥∥∥
E
−
k + 1
2
k∑
i=1
‖xn,i‖E .
Therefore, by (2) this yields that∥∥∥∥∥x+
k∑
i=1
yn,i
∥∥∥∥∥
E
→ k + 1.
Consequently, by the inequality
x+
k∑
i=1
yn,i ≺ x
∗ +
k∑
i=1
y∗n,i,
and by symmetry of E and in view of assumption (iii) it follows that∥∥∥∥
(
x+ xn
2
)∗
− x∗
∥∥∥∥
E
= ‖y∗n − x
∗‖E → 0.
Hence, by (3) and by Lemma 2.2 in [12] it follows that xn → x globally in measure.
Finally, since x is a point of order continuity, by (3) and by Proposition 2.4 in [12]
we finish the proof. 
The immediate consequence of Theorem 4.5 are the following results.
Theorem 4.6. Let E be a symmetric space. The following are equivalent.
(i) E is locally fully k-rotund.
(ii) E is (LFkR)+.
(iii) E is (LFkR)∗.
Theorem 4.7. Let E be a symmetric space and let;
(i) E is locally fully k-rotund.
(ii) E+ is locally fully k-rotund.
(iii) Ed is locally fully k-rotund.
Then, (i)⇔ (ii)⇒ (iii). If E is order continuous, then (iii)⇒ (i).
Proof. (i)⇒ (ii)⇒ (iii). It is obvious.
(iii) ⇒ (i). We proceed analogously as in the proof of Theorem 4.5 under the
assumption that E is order continuous.
(ii)⇒ (i). Immediately, by Proposition 4.4 we get E is order continuous. Finally,
since (ii)⇒ (iii) and (iii)⇒ (i) we complete the proof. 
Now, we investigate a correspondence between local uniform rotundity and local
fully k-rotundity in Banach spaces.
Theorem 4.8. Let X be a Banach space. If X is locally uniformly rotund, then
X is locally fully k-rotund.
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Proof. Let k ∈ N, k ≥ 2, and let (xn) ⊂ X and x ∈ SX be such that for any
k-subsequences (xn,1), (xn,2), · · · , (xn,k) of a sequence (xn),
(4)
∥∥∥∥∥
k∑
i=1
xn,i + x
∥∥∥∥∥
X
→ k + 1 and ‖xn‖X → 1.
By the triangle inequality of the norm in X we notice that
1
2
∥∥∥∥∥
k∑
i=1
xn,i + x
∥∥∥∥∥
X
−
1
2
k∑
i=2
‖xn,i‖X ≤
1
2
∥∥∥∥∥
k∑
i=1
xn,i + x
∥∥∥∥∥
X
−
1
2
∥∥∥∥∥
k∑
i=2
xn,i
∥∥∥∥∥
X
≤
1
2
‖xn,1 + x‖X ≤ 1
for any k ∈ N. Then, for any subsequence (xn,1) of (xn), by (4) we have
(5) ‖xn,1 + x‖X → 2 and ‖xn,1‖X → 1.
Define for all n ∈ N,
un =
xn
‖xn‖X
.
Then, (un) ⊂ SX and by (4) we get
(6) ‖un − xn‖X = ‖xn‖X
∣∣∣∣1− 1‖xn‖X
∣∣∣∣ → 0.
Next, passing to subsequence (un,1), by the triangle inequality of the norm in X
and by (5) and (6) it follows that
‖un,1 + x‖X → 2.
Thus, by assumption that X is locally uniformly rotund and by (6) we obtain
‖xn,1 − x‖X → 0.
Finally, since (xn,1) is arbitrary chosen subsequence of (xn) we get the end of the
proof. 
Theorem 4.9. Let E be a symmetric space. If Ed is compactly locally fully k-
rotund and strictly K-monotone, then E is upper locally uniformly K-monotone.
Proof. Let (xn) ⊂ E and x ∈ E be such that x ≺ xn for all n ∈ N, ‖xn‖E → ‖x‖E .
Without loss of generality we may assume that ‖x‖E = 1. Then, we have
(7) ‖xn‖E → 1.
Moreover, since x ≺ xn for all n ∈ N, for any k-subsequences (xn,1), (xn,2), · · · , (xn,k)
of (xn) we get
(k + 1)x ≺ x∗ +
k∑
i=1
x∗n,i.
Hence, by symmetry and by the triangle inequality of the norm of E and by (7) it
follows that ∥∥∥∥∥x∗ +
k∑
i=1
x∗n,i
∥∥∥∥∥
E
→ k + 1.
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In consequence, by assumption that Ed is compactly locally fully k-rotund, there
exists a subsequence (xnk) of (xn) such that x
∗
nk converges to y ∈ E in norm of E.
Hence, by Lemma 3.2 in [22] we get y = y∗ a.e. and∥∥x∗nk − y∗∥∥E → 0.
Therefore, by Proposition 5.9 in [1] we have for all t > 0,
x∗∗nk(t)→ y
∗∗(t).
Thus, since x ≺ xn for any n ∈ N we obtain x ≺ y. Finally, since ‖x‖E = ‖y‖E = 1,
by assumption that E is strictly K-monotone we get x∗ = y∗ a.e. and so by the
double extract sequence theorem we conclude
‖x∗n − x
∗‖E → 0.

5. Fully k-rotundity
In this section we investigate a relationship between (compact) fully k-rotundity,
decreasing (increasing) uniform K-monotonicity and reflexivity in a symmetric
space E. First, we show a connection between compact fully k-rotundity and order
continuity in E.
Proposition 5.1. Let E be a symmetric space. If Ed is compactly fully k-rotund,
then E is order continuous.
Proof. First we prove that φ(∞) =∞. In view of Remark 3.2, we may assume for a
contrary that there exists x ∈ E such that x∗(∞) > 0. Then, we easily observe that
L∞ →֒ E with some constant C > 0. Define x = χ[0,∞) and xn = χ[0,n) for every
n ∈ N. Clearly, we have x, xn ∈ E for all n ∈ N, xn ↑ x a.e. and supn∈N ‖xn‖E ≤
‖x‖E < ∞. Hence, by the Fatou property we conclude ‖xn‖E ↑ ‖x‖E . Denote
vn = xn/ ‖xn‖E for all n ∈ N. Let (vn,1), · · · , (vn,k) be any k-subsequences of (vn).
Then, by symmetry of E we get
k ≥
∥∥∥∥∥
k∑
i=1
vn,i
∥∥∥∥∥
E
≥ min
1≤i≤k
{‖xn,i‖E }
∣∣∣∣∣
k∑
i=1
1
‖xn,i‖E
∣∣∣∣∣
≥ min
1≤i≤k
{‖xn,i‖E }
k
‖x‖E
for all n ∈ N, whence
(8)
∥∥∥∥∥
k∑
i=1
vn,i
∥∥∥∥∥
E
→ k.
Consequently, since vn = v
∗
n for any n ∈ N and by assumption that E
d is compactly
fully k-rotund, it follows that (vn) forms a relatively compact set. Therefore, passing
to subsequence and relabelling if necessary we may suppose that vn converges to
v ∈ SE in norm of E as well as a.e. on I. Thus, since vn → x/‖x‖E a.e. we
conclude v = x/ ‖x‖E a.e. Moreover, by the triangle inequality of the norm in E
we obtain
‖xn − x‖E
‖xn‖E
≤ ‖vn − v‖E + ‖x‖E
∣∣∣∣ 1‖xn‖E −
1
‖x‖E
∣∣∣∣
RELATIONSHIPS BETWEEN K-MONOTONICITY AND ROTUNDITY PROPERTIES 15
for every n ∈ N. In consequence, we have
‖xn − x‖E → 0.
On the other hand, by symmetry of E it is easy to see that ‖xn − x‖E = ‖x‖E for
all n ∈ N, which gives us a contradiction and proves that φ(∞) = ∞. Now, we
show that E is order continuous. Let us assume for a contrary that there exists
a sequence (xn) ⊂ E+ such that xn ↓ 0 a.e. and d = infn∈N ‖xn‖E > 0. Clearly,
xn+1 ≤ xn for any n ∈ N, whence we have ‖xn‖E ↓ d. Define for any n ∈ N,
un =
xn
‖xn‖E
.
It is obvious that (un) ⊂ SE+ and un → 0 a.e. Moreover, by symmetry of E, for
any k-subsequences (un,1), · · · , (un,k) of (un) we have
k ≥
∥∥∥∥∥
k∑
i=1
un,i
∥∥∥∥∥
E
≥ min
1≤i≤k
{‖xn,i‖E}
∣∣∣∣∣
k∑
i=1
1
‖xn,i‖E
∣∣∣∣∣
≥ d
∣∣∣∣∣
k∑
i=1
1
‖xn,i‖E
∣∣∣∣∣ ≥ kdmax1≤i≤k{‖xn,i‖E}
for every n ∈ N. Hence, since for all n ∈ N,
k∑
i=1
un,i ≺
k∑
i=1
u∗n,i
and by assumption that ‖xn‖E ↓ d and by symmetry of E it follows that
k ≥
∥∥∥∥∥
k∑
i=1
u∗n,i
∥∥∥∥∥
E
≥
∥∥∥∥∥
k∑
i=1
un,i
∥∥∥∥∥
E
→ k.
Thus, since (u∗n) ⊂ SE , by assumption that E
d is compactly fully k-rotund we
obtain (u∗n) forms a relatively compact set. Therefore, passing to subsequence and
relabelling if necessary we may assume that there exists u ∈ SE such that
(9) ‖u∗n − u‖E → 0 and u
∗
n → u a.e.
On the other hand, since φ(∞) = ∞, by Remark 3.2 we get x∗1(∞) = 0. So, by
assumption that xn ↓ 0 a.e., in view of Property 2.12 in [22] this concludes that
x∗n → 0 a.e. Hence, by definition of un for any n ∈ N we observe u
∗
n → 0 a.e.
Therefore, by (9) this provides u = 0 a.e. Consequently, in view of the fact that
(u∗n) ⊂ SE and by (9) we get a contradiction which completes the proof. 
The next proposition follows directly from the well known result in [13], where
there has been shown a complete correspondence between fully k-rotundity and
compact fully k-rotundity as well as rotundity in a Banach lattice. Applying the
same technique as in paper [13] we may easily show that the below relationships
are satisfied on the positive cone Ed of a symmetric space E.
Proposition 5.2. Let E be a symmetric space. Then, Ed is fully k-rotund if and
only if Ed is compactly fully k-rotund and rotund.
Proposition 5.3. Let E be a symmetric space. Then, Ed is locally fully k-rotund
if and only if Ed is compactly locally fully k-rotund and rotund.
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Recently, in paper [13] authors have proved that if a Banach spaceX is compactly
fully k-rotund thenX is reflexive. We show that in a symmetric space E it is enough
to assume weaker condition to get reflexivity of E. For the sake of completeness and
reader’s convenience we present all details of the proof of the following theorem. In
some parts of the proof we use similar technique to the proof of Proposition 1 in
[13].
Theorem 5.4. Let E be a symmetric space. If Ed is compactly fully k-rotund,
then E is reflexive.
Proof. Let φ be the fundamental function of a symmetric space E. First, we claim
(10) lim
t→∞
t
φ(t)
=∞.
Let us suppose that it is not true. Then, by monotonicity of the map φ(t)/t we get
lim
t→∞
φ(t)
t
= d > 0.
Define for any n ∈ N and t > 0,
xn(t) =
1
dn
χ[0,n)(t).
Clearly, xn+1 ≺ xn = x∗n for any n ∈ N and ‖xn‖E ↓ 1. Next, for any k-
subsequences (xn,1), (xn,2), · · · , (xn,k) of (xn), by symmetry of E we have
k min
1≤i≤k
{‖xn,i‖E} ≤
∥∥∥∥∥
k∑
i=1
xn,i
∥∥∥∥∥
E
≤ k max
1≤i≤k
{‖xn,i‖E},
for all n ∈ N, whence ∥∥∥∥∥
k∑
i=1
xn,i
∥∥∥∥∥
E
→ k.
Therefore, by Theorem 4.1 and by assumption that Ed is compactly fully k-rotund,
passing to subsequence and relabeling if necessary we may assume that there exists
x ∈ SE such that
(11) ‖xn − x‖E → 0 and xn →x a.e.
On the other hand, by construction of xn for any n ∈ N it is easy to observe that
xn → 0 a.e. Hence, x = 0 a.e. and consequently in view of the fact (11) it follows
that
φ(n)
dn
= ‖xn‖E → 0.
Therefore, since ‖xn‖E ↓ 1 we get a contradiction which proves our claim (10).
Let f ∈ SE∗ be an element of dual space of E. Then, there exists a sequence
(xn) ⊂ SE such that f(xn) → ‖f‖E∗ = 1. By assumption that E
d is compactly
fully k-rotund and by Proposition 5.1 it follows that E is order continuous and also
φ(∞) = ∞. Consequently, by Theorem 4.1 in [1] this yields that the dual space
E∗ and the associate space E′ of a symmetric space E coincide. Hence, by the
Corollary 4.4 in [1] we have
(12) ‖f‖E∗ = ‖f‖E′ = sup
{∫ ∞
0
f∗(t)x∗(t)dt : ‖x‖E ≤ 1
}
.
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Let ψ be the fundamental function of E′. By (10) and by Theorem 5.2 in [1]
we get ψ(∞) = ∞, whence by Remark 3.2 we conclude that f∗(∞) = 0. In
consequence, by Ryff’s theorem in [1] there exists a measure preserving transfor-
mation σ : supp(f) → supp(f∗) such that f∗ ◦ σ = |f | a.e. on supp(f). First, if
µ(supp(f)) < ∞ we may consider σ : I → I (see [26]). Moreover, without loss of
generality we may assume that supp(xn) ⊂ supp(f) for any n ∈ N. Next, by (12)
and by assumption that f(xn)→ 1, in view of the Hardy-Littlewood inequality in
[1] we obtain
1 = lim
n→∞
f(xn) = lim
n→∞
∫ ∞
0
f(t)xn(t)dt = lim
n→∞
∫ ∞
0
f∗(t)x∗n(t)dt.
Define for any n ∈ N,
yn = sgn(f)x
∗
n ◦ σχσ−1[I].
Then, we have
1 = lim
n→∞
∫ ∞
0
f∗(t)x∗n(t)dt = limn→∞
∫
σ−1[I]
f∗ ◦ σ(t)x∗n ◦ σ(t)dt(13)
= lim
n→∞
∫ ∞
0
f(t) sgn(f(t))x∗n ◦ σ(t)χσ−1 [I](t)dt
= lim
n→∞
f(yn).
Hence, taking any k-subsequences (yn,1), · · · , (yn,k) of (yn) we conclude
f
(
k∑
i=1
yn,i
)
→ k.
Next, by subadditivity of the maximal function we observe for any n ∈ N,
k∑
i=1
yn,i ≺
k∑
i=1
y∗n,i.
In consequence, since y∗n = x
∗
n a.e. for all n ∈ N and f ∈ SE∗ , by symmetry and by
the triangle inequality of the norm in E we get∥∥∥∥∥
k∑
i=1
x∗n,i
∥∥∥∥∥
E
→ k.
Therefore, by assumption that Ed is compactly fully k-rotund, passing to subse-
quence and relabelling if necessary we may suppose that x∗n converges to x ∈ E in
norm of E and also a.e. So, ‖x‖E = 1 and by Lemma 3.2 in [22] we get x
∗ = x
a.e. Hence, since supp(x∗n) ⊂ supp(f
∗) for any n ∈ N, without loss of generality we
may assume that supp(x∗) ⊂ supp(f∗). Define y = sgn(f)x∗ ◦ σχσ−1 [I]. Then, it is
easy to see that y∗ = x∗ a.e. and y ∈ SE . Moreover, by (13) and by continuity of
f we have
f(y) =
∫ ∞
0
f(t)y(t)dt =
∫ ∞
0
f(t) sgn(f(t))x∗ ◦ σ(t)χσ−1 [I](t)dt
= lim
n→∞
∫ ∞
0
f(t) sgn(f(t))x∗n ◦ σ(t)χσ−1 [I](t)dt
= lim
n→∞
f(yn) = 1,
which finishes the proof. 
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In paper [3], authors have showed among others a relationship between the facts
Ed ∈ (FR) and E ∈ (FR) in symmetric spaces under the additional assumption
that there exists an equivalent symmetric uniformly rotund norm. In the spirit
of the previous result we investigate a correlation between Ed ∈ (CFkR) and
E ∈ (CFkR) in symmetric spaces. For the sake of completeness and reader’s
convenience we present the proof of the following theorem even though it is similar
in some parts to the proof of Theorem 2 in [3].
Theorem 5.5. Let (E, ‖·‖E) be a symmetric space. If E
d is compactly fully k-
rotund and locally uniformly rotund and also E has an equivalent symmetric norm
‖·‖o that is compactly fully k-rotund, then E is compactly fully k-rotund.
Proof. Let (xn) ⊂ SE be such that for any k-subsequences (xn,1), · · · , (xn,k) of (xn)
we have
∥∥∥∑ki=1 xn,i∥∥∥
E
→ k. Then, since
(14)
k∑
i=1
xn,i ≺
(∑k
i=1 xn,i
)∗
2
+
∑k
i=1 x
∗
n,i
2
≺
k∑
i=1
x∗n,i
for any k ∈ N, by symmetry and by the triangle inequality of the norm in E we
obtain ∥∥∥∥∥
k∑
i=1
x∗n,i
∥∥∥∥∥
E
→ k.
Hence, by assumption that Ed is compactly fully k-rotund, passing to subsequence
and relabelling if necessary we may assume that there exists x ∈ SE such that
(15) ‖x∗n − x‖E → 0.
Thus, by Lemma 3.2 in [22] we obtain x = x∗ a.e. Next, by (14) and (15) we get∥∥∥∥∥
(
k∑
i=1
xn,i
k
)∗
+ x∗
∥∥∥∥∥
E
→ 2.
In consequence, by assumption that Ed is LUR and E has the equivalent symmetric
norm ‖·‖o we conclude ∥∥∥∥∥
k∑
i=1
xn,i
‖x‖o
∥∥∥∥∥
o
→ k.
Finally, by assumption that ‖·‖o is compactly fully k-rotund, passing to subsequence
and relabelling if necessary we may assume that (xn) is a Cauchy sequence in E. 
Remark 5.6. Let us notice that local uniform rotundity does not imply compact
fully k-rotundity in symmetric spaces in general. Consider a sequence symmetric
space E = l1 with an equivalent norm ‖·‖E given by
‖x‖E =
(
‖x‖21 + ‖x‖
2
2
)1/2
for any x ∈ E. By Example 5.3.6 in [25], it is well known that E is locally uniformly
rotund and also E is not reflexive. Next, since the proof of Theorem 5.4 for the
sequence case is analogous, it is easy to see that Ed is not compactly fully k-rotund.
Theorem 5.7. Let E be a symmetric space. If Ed is compactly fully k-rotund and
strictly K-monotone, then E is decreasing uniformly K-monotone.
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Proof. First, by Proposition 4.3 in [11], we may assume that (xn), (yn) ⊂ E, xn+1 ≺
xn ≺ yn for every n ∈ N and
(16) ‖xn‖E → 1 and ‖yn‖E → 1.
Moreover, for any k-subsequences (xn,1), (xn,2), · · · , (xn,k) of (xn) and for corre-
sponding k-subsequences (yn,1), · · · , (yn,k) of (yn) we have
k∑
i=1
x∗n,i ≺
k∑
i=1
y∗n,i
for any n ∈ N. Therefore, since xn+1 ≺ xn for all n ∈ N, by symmetry of E and by
the triangle inequality of the norm in E we get
k min
1≤i≤k
{
‖xn,i‖E
}
≤
∥∥∥∥∥
k∑
i=1
x∗n,i
∥∥∥∥∥
E
≤
∥∥∥∥∥
k∑
i=1
y∗n,i
∥∥∥∥∥
E
≤ k max
1≤i≤k
{
‖yn,i‖E
}
for any n ∈ N. Thus, by (16) we obtain∥∥∥∥∥
k∑
i=1
x∗n,i
∥∥∥∥∥
E
→ k and
∥∥∥∥∥
k∑
i=1
y∗n,i
∥∥∥∥∥
E
→ k.
In consequence, by assumption that Ed is compactly fully k-rotund, there exist
some subsequences (xnj ) of (xn) and (ynj ) of (yn) as well as x, y ∈ E such that
xnj ≺ ynj for all j ∈ N and
(17)
∥∥∥x∗nj − x∥∥∥
E
→ 0 and
∥∥∥y∗nj − y∥∥∥
E
→ 0.
Hence, by (16) we conclude x, y ∈ SE and also by Lemma 3.2 in [22] it follows that
x = x∗ and y = y∗ a.e. Therefore, in view of Proposition 5.9 in [1] we have
(18) x∗∗nj (t)→ x
∗∗(t) and y∗∗nj (t)→ y
∗∗(t)
for any t > 0. Then, since xnj ≺ ynj for all j ∈ N, this yields that x ≺ y. Thus,
since x, y ∈ SE , in view of assumption that E is strictly K-monotone we obtain
x = y a.e. Furthermore, by (18) and by assumption that xn+1 ≺ xn ≺ yn for any
n ∈ N we get
(19) y ≺ yn
for all n ∈ N. Next, since compact fully k-rotundity implies compact local fully
k-rotundity on Ed, by assumption that Ed is compactly fully k-rotund and strictly
K-monotone, in view of Theorem 4.9 we have E is upper locally uniformly K-
monotone. In consequence, since y ∈ SE , by (16) and (19) we get
‖y∗n − y‖E → 0.
Finally, since x = y a.e., according to (17) and by the double extract sequence
theorem and by the triangle inequality of the norm in E we conclude
‖y∗n − x
∗
n‖E → 0,
which gives us the end of the proof. 
Theorem 5.8. Let E be a symmetric space. If Ed is compactly fully k-rotund and
strictly K-monotone, then E is increasing uniformly K-monotone.
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Proof. Immediately, by Proposition 4.4 in [11], we may assume that (xn), (yn) ⊂ E,
xn ≺ yn ≺ yn+1 for every n ∈ N and
(20) ‖xn‖E → 1 and ‖yn‖E → 1.
Then, for any k-subsequences (yn,1), (yn,2), · · · , (yn,k) of (yn) we have yn ≺ yn,i ≺
yn+1,i for all n ∈ N and i ∈ {1, 2, · · · , k}. So, it is easy to observe that
kyn ≺
k∑
i=1
y∗n,i
for any n ∈ N. Therefore, by symmetry of E and by the triangle inequality of the
norm in E we obtain
k ‖yn‖E ≤
∥∥∥∥∥
k∑
i=1
y∗n,i
∥∥∥∥∥
E
≤
k∑
i=1
‖yn,i‖E ≤ k max1≤i≤k
‖yn,i‖E
for all n ∈ N. Thus, by (20) we get∥∥∥∥∥
k∑
i=1
y∗n,i
∥∥∥∥∥
E
→ k.
Next, by assumption that Ed is compactly fully k-rotund, there exist a subsequence
(ynj ) of (yn) and y ∈ SE such that
(21)
∥∥∥y∗nj − y
∥∥∥
E
→ 0.
Hence, proceeding analogously as in the proof of Theorem 5.7 we have y = y∗ a.e.
and for any t > 0,
y∗∗nj (t)→ y
∗∗(t).
Thus, since xn ≺ yn ≺ yn+1 for any n ∈ N it is easy to see that
(22) xn ≺ yn ≺ y
for any n ∈ N. Next, by assumption that Ed is compactly fully k-rotund and by
Proposition 5.1 we get E is order continuous. So, in view of Lemma 2.5 in [8] we
obtain y∗(∞) = 0. In consequence, since y ∈ SE , by (20) and (22) as well as by
assumption that E is strictly K-monotone, in view of Theorem 1 in [6] we conclude
that
(23) y∗∗n → y
∗∗ and x∗∗n → y
∗∗
globally in measure. Now, since Ed is compactly fully k-rotund and strictly K-
monotone, by Theorem 4.9 we have E is upper locally uniformly K-monotone.
Hence, since E is order continuous, by (20) and (23) as well as by Theorem 3.13 in
[5] we conclude
‖y∗n − x
∗
n‖E → 0,
which completes the proof. 
Immediately, by Proposition 3.5 in [11] and Theorem 5.4 we obtain the following
relationship between compact fully k-rotundity and K-order continuity.
Corollary 5.9. Let E be a symmetric space. If Ed is compactly fully k-rotund,
then the spaces E is K-order continuous.
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6. Application to approximation problems
First, for the reader’s convenience and the sake of completeness we recall the
following characterization of the Kadec-Klee property in symmetric spaces.
Theorem 6.1. Let E be a symmetric space. If E is order continuous, then the
following conditions are equivalent.
(i) E has the Kadec-Klee property.
(ii) E is strictly K-monotone and has the Kadec-Klee property for global con-
vergence in measure.
(iii) E is upper locally uniformly K-monotone.
(iv) E is strictly K-monotone and for any (xn) ⊂ E and x ∈ E,
x∗∗n → x
∗∗ in measure and ‖xn‖E → ‖x‖E ⇒ ‖x
∗
n − x
∗‖E → 0.
Proof. Immediately, using the same technique as in the proof of Theorem 2.10 in
[4] and in view of Corollary 1.6 and Proposition 1.7 in [4] we get (i) ⇔ (ii). In
consequence, by Theorem 3.13 in [5] we have (ii)⇔ (iii)⇔ (iv). 
Now, according to Theorem 3 in [18] and by Theorem 6.1 we present a corre-
spondence between approximative compactness and K-monotonicity properties in
symmetric spaces.
Corollary 6.2. Let E be a symmetric space. The conditions are equivalent.
(i) E is approximatively compact.
(ii) E is reflexive and strictly K-monotone and has the Kadec-Klee property for
global convergence in measure.
(iii) E is reflexive and upper locally uniformly K-monotone.
(iv) E is reflexive and strictly K-monotone and for any (xn) ⊂ E and x ∈ E,
x∗∗n → x
∗∗ in measure and ‖xn‖E → ‖x‖E ⇒ ‖x
∗
n − x
∗‖E → 0.
In the view of the previous result, we present the complete criteria for approxi-
mative compactness in the Lorentz space Γp,w.
Theorem 6.3. Let 1 < p < ∞ and w be a weight function. The statements are
equivalent.
(i) Γp,w is approximatively compact.
(ii) Γp,w is reflexive and strictly K-monotone.
(iii) Γp,w is reflexive and W is strictly increasing.
Proof. Immediately, by Theorem 2.10 in [10] we have (ii)⇔ (iii). Next, by Theo-
rem 4.1 in [9] and by Corollary 6.2 we conclude (i)⇔ (ii). 
We investigate reflexivity in the Lorentz spaces Γp,w.
Lemma 6.4. Let 1 < p, p′ < ∞, p′p = p′ + p and let w ≥ 0 be a weight function
on [0,∞) such that
∫ t
0 w(s)s
−pds =∞ for all t > 0. The following statements are
equivalent.
(i) The Lorentz space Γp,w is reflexive.
(ii) W (∞) =
∫∞
0
w(s)ds =∞ and V (∞) =
∫∞
0
v(s)ds =∞,
where v(t) =
tp
′
−1W (t)Wp(t)
(W (t)+Wp(t))p
′+1
for any t ∈ (0,∞).
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Proof. First, by Corollary 4.4 in [1] we easily observe that the Lorentz space Γp,w
is reflexive if and only if Γp,w and its associate space (Γp,w)
′ are order continuous.
Next, since 1 < p, p′ < ∞ and p′p = p′ + p as well as
∫ t
0 w(s)s
−pds = ∞ for all
t > 0, by Theorem A in [16] it follows that (Γp,w)
′ coincides with the Lorentz space
Γp′,v under the assumption that W (∞) =∞, i.e. we have
‖x‖(Γp,w)′ ≈ ‖x‖Γp′,v for all x ∈(Γp,w)
′.
Finally, according to Proposition 1.4 in [19] we conclude Γp,w is reflexive if and only
if W (∞) = V (∞) =∞. 
Now, we present some examples of the Lorentz spaces which are reflexive and
also approximatively compact.
Example 6.5. Let 1 < p < ∞ and w ≥ 0 be a weight function such that W (t) =∫ t
0 w satisfies ∆2 condition and W (∞) =∞. Define
v(t) = (t/W (t))p
′
w(t)
for any t > 0, where p′ = p/(p − 1). Then, by Proposition 0.1 in [19] we get
(Λp,w)
′ = Γp′,v. Next, by Corollary 5.3 in [1] it follows that W is quasiconcave, and
so t/W (t) is increasing on (0,∞). Hence, taking t0 > 0 we observe
V (∞) =
∫ ∞
0
(
s
W (s)
)p′
w(s)ds ≥
∫ ∞
t0
(
s
W (s)
)p′
w(s)ds
≥
∫ ∞
t0
(
t0
W (t0)
)p′
w(s)ds =W (∞)
(
t0
W (t0)
)p′
.
Therefore, since W (∞) = ∞ we have V (∞) =∞. In consequence, by Proposition
1.4 in [19] it follows that the Lorentz spaces Λp,w and Γp′,v are order continuous.
Finally, by Corollary 4.4 and Theorem 2.7 in [1] we conclude Λp,w and Γp′,v are
reflexive. Now, if we assume additionally that W is strictly increasing, by definition
of v and by Theorem 6.3 we get Γp′,v is approximatively compact.
Example 6.6. Consider 1 < p < ∞ and w ≥ 0 a weight function such that
W (∞) =
∫ 1
0
w(s)s−pds =∞ and w satisfies condition RBp, i.e. there exists A > 0
such that for all t > 0 we have W (t) ≤ AWp(t). Define p′ = p/(p− 1) and
v(t) =
d
dt
(∫ ∞
t
w(s)s−pds
) −1
p−1
for any t > 0. Then, by Corollary 1.9 in [19] it follows that the dual space (Γp,w)
∗
of the Lorentz space Γp,w coincides with Λp′,v. Next, we notice that
V (∞) = lim
t→∞
(∫ ∞
t
w(s)s−pds
) −1
p−1
=∞.
Consequently, using the same argumentation as in the previous example we obtain
Γp,w and Λp′,v are reflexive. Finally, if we suppose additionally that W is strictly
increasing, by Theorem 6.3 we get Γp,w is approximatively compact.
The next corollaries follow directly from Corollaries 3.9 and 3.10, Theorem 3.13
in [7] and Theorem 3.5.
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Corollary 6.7. Let ψ be an Orlicz function and let A ⊂ Lψ be a closed subset such
that for any a ∈ A we have a∗ ∈ A. If ψ satisfies ∆2 condition and in case when
α =∞ we have ψ is N -function at zero, then for any x ∈ Lψ such that A ≺ x the
set PA(x
∗) is proximinal.
Corollary 6.8. Let ψ be an Orlicz function and in case when α =∞, aψ = 0. If
for any x ∈ Lψ and any closed subset A ⊂ Lψ such that A ≺ x we have PA(x) is
proximinal, then Lψ is K-order continuous.
Let us recall that a point a ∈ E is called a K-upper bound of a subset A ⊂ E if
for any a′ ∈ A we have a′ ≺ a. If there exists a K-upper bound of a subset A ⊂ E,
then the set A is said to be K-bounded above (see [7]).
Corollary 6.9. Let ψ be an Orlicz function and in case when α = ∞, aψ = 0.
The conditions are equivalent.
(i) For any x ∈ Lψ and A ⊂ Lψ a closed K-bounded above subset such that
x ≺ A, a∗ ∈ A for any a ∈ A we have PA(x∗) is proximinal.
(ii) ψ satisfies ∆2 condition and if α =∞, then ψ is N -function at zero.
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